We use the separate universe framework to study cosmological perturbations within the group field theory formalism for quantum gravity, based on multicondensate quantum states. Working with a group field theory action for gravity minimally coupled to four scalar fields that can act as a set of relational clock and rods, we argue that these multi-condensate states correspond to cosmological spacetimes with small long-wavelength scalar perturbations. Equations of motion for the cosmological perturbations are derived, which in the classical limit agree with the standard results of general relativity and also include quantum gravity corrections that become important when the space-time curvature approaches the Planck scale.
I. INTRODUCTION
Group field theory (GFT) is a candidate formalism for quantum gravity that can be seen as a second-quantized version of loop quantum gravity and of simplicial geometry (for recent reviews see, e.g., [1] [2] [3] ). In GFT the fundamental excitations correspond to spin-network nodes or, equivalently, simplicial building blocks, that can be combined to construct the spin-network states of loop quantum gravity [4] as well as extended simplicial complexes of three topological dimensions ('discrete quantum spaces'). These building blocks can be viewed as quanta of space; each carry quantum numbers that capture information about surface areas and 3-volumes, as well as the rest of the (quantum) discrete geometries that can be associated to general ensembles of such building blocks. The discrete geometric data are the basis for constructions aiming to extract approximate continuum physics from the fundamental models.
In particular, the total volume of a 'universe' associated to a given state made of N quanta is obtained by adding up the volume contributions associated to each of the quanta. It seems reasonable to assume that the quantum gravity state corresponding to (a constant-time slice of) a classical space-time with a volume that is large compared to the Planck volume is highly excited, in the sense that it corresponds to a superposition of quantum states of which most are composed of a large number of quanta of geometry with each individual excitation contributing a Planck-scale volume to the total. In other words, the study of continuum physics within the full quantum gravity formalism requires control over its non-perturbative sector (in terms of the number of fundamental excitations involved), going beyond what is captured by simple spin-network states with only a few quanta of geometry.
This motivates the study of GFT condensate states, the simplest states of this nonperturbative (in excitation number) type. Further, the symmetries of the simplest condensates (where all excited quanta are in the same state) are analogous to the homogeneity of cosmological space-times, and more generally the domain of reduced 1-particle densities is isomorphic to the minisuperspace of homogeneous geometries, thus suggesting that GFT hydrodynamics can be given a cosmological interpretation and that, in particular, GFT condensate states may correspond to cosmological space-times [5, 6] . Indeed, for a GFT corresponding to gravity minimally coupled to a massless scalar field, not only do the emerging dynamical equations for the spatial volume (with the scalar field playing the role of a relational time variable) correspond exactly to the usual Friedmann equations in the classical limit, but also quantum gravity corrections become important in the Planck regime and ensure that the volume never vanishes, thereby replacing the big-bang singularity by a non-singular quantum bounce [7, 8] . This is one key result obtained in the context of 'GFT condensate cosmology', for a review see, e.g., [9, 10] .
To further connect this formalism with physical cosmology, among other tasks, it is important to understand how to include inhomogeneous perturbations. One proposal is to allow the condensate to depend on position, with position being measured using matter fields that act as relational rods [11] . In this paper we further develop this proposal using the separate universe approach to describe long-wavelength scalar perturbations [12] .
More specifically, in the separate universe framework a cosmological space-time is approximated by a collection of large homogeneous patches that each have the line element of the Friedmann-Lemaître-Robertson-Walker (FLRW) space-time, although with a scale factor and lapse that vary from one patch to another. The long-wavelength scalar perturbations are captured in the differences in the scale factor and lapse between patches. Here we consider a collection of GFT condensate states (combined into a single multicondensate state), with each condensate corresponding to the portion of the space-time in one patch.
Most studies of quantum gravity effects in cosmological perturbation theory use in an essential way the preferred coordinates singled out by homogeneity and isotropy on spatial slices, either by expanding around a saddle-point solution in the path integral on which coordinates can be introduced [13, 14] or through some gauge-fixing before quantization [15] [16] [17] . Instead, here a relational framework is used to provide relational coordinates with respect to matter fields. In this way, in GFT condensate cosmology (relational) coordinates can be defined after quantization, rather than being required in order to derive the quantum equations of motion for the system.
In order to extract the equations of motion for the long-wavelength scalar perturbations from the multi-condensate state (whose dynamics are determined by the GFT action), since the matter fields will in principle evolve differently in different patches it is first necessary to determine how to define a spatial slice (or equivalently, an instant of equal time in all of the different patches). This is the main conceptual obstacle that we face in this first step beyond homogeneous cosmology via GFT condensates. Once this has been achieved, it is possible to derive the equations of motion for the cosmological perturbations. These turn out to be coupled equations of motion for a number of variables describing the perturbations, but for scalar modes (in the absence of anisotropic stress) there is only one gauge-invariant degree of freedom. The last step is to isolate the equation of motion for the single degree of freedom; it turns out that for a massless scalar field this last step is quite direct. This equation of motion has the correct semi-classical limit and reduces to the one found in loop quantum cosmology for a simple class of GFT states.
These results show how, for a certain class of quantum states in the GFT formalism for quantum gravity, it is possible to study cosmological perturbations, at least within the separate universe approximation. The resulting equation for long-wavelength scalar cosmological perturbations can be used in future works to determine whether, for the GFT states considered here, quantum gravity effects could leave some detectable signature, e.g., in the cosmic microwave background. We leave this question for future work. Another important open question is to understand how to handle cosmological perturbations outside of the separate universe approximation, in particular to extend these results to short-wavelength perturbations, this is also left for future work.
II. GFT CONDENSATE COSMOLOGY
The idea underlying the separate universe framework is essentially to discretize longwavelength scalar perturbations (on a flat FLRW background) on a lattice [12] . This lattice is constituted of a large number of patches, each approximated as being homogeneous (thus with a four-dimensional geometry that is fully captured by a scale factor and a lapse function, i.e., by the flat FLRW metric), and the inhomogeneities are encoded in the differences in the scale factors, lapse functions and energy densities of the matter field in the different patches. The dynamics of the perturbations are then determined by the evolution of each homogeneous patch, neglecting interactions between patches.
Previous work has shown how the hydrodynamics of a simple GFT condensate state gives the Friedmann equations (with some quantum gravity corrections), suggesting that these simple condensate states once coarse-grained correspond to flat FLRW space-times, and therefore are the cosmological sector of GFT [5] [6] [7] [8] . Now, following the separate universe framework, we will study perturbations by constructing states that are tensor products of these condensate states, with each condensate corresponding to one 'FLRW' patch in the separate universe lattice. Thus, before setting up the separate universe framework in the GFT context, we briefly review the basic GFT condensate cosmology results, obtained for single condensate states corresponding to homogeneous universes.
A. Group Field Theory
The GFT model we will consider here is for Lorentzian quantum gravity minimally coupled to a massless scalar field, in a parametrised form encompassing the so-called EPRL models proposed in the context of loop quantum gravity and spin foam models [18] , but also general enough to include other models built on similar criteria [19, 20] . These models are quantum field theories for a field over SU (2) ×4 ×R, with the Lorentz covariance of the theory encoded in the kernels defining the action (which in turn determines the dynamics for the GFT). The SU(2) variables admit an interpretation in terms of a discrete gravity connection living on the simplicial structures generated by the theory, and the real variables define a discretized real scalar field living on the same lattices. Here we only use the presentation of the theory in terms of SU(2) representation data, corresponding to eigenvalues of discrete geometric quantities [4] . The fundamental operators are the field operatorsφ
† (φ) that act as annihilation and creation operators respectively. These operators have 4 pairs of SU(2) labels j, m and one SU(2) intertwiner ι, as well as one continuous label corresponding to the massless scalar field φ.
The field operators are assumed to satisfy bosonic commutation relations,
and
The GFT Fock vacuum |0 is the state annihilated by allφ:
Finally, physical states |Ψ are those that satisfy the quantum equations of motion
and its hermitian conjugate, where S[ϕ,φ] is the GFT action. The GFT action has the form S = K − V with
and V is composed of a sum of fifth order interaction terms in the GFT fields ϕ andφ that is local in the matter label φ. Note that in general K
2 ) could in principle depend on φ andφ in a more complicated way rather than the combination (φ −φ)
2 , but such a theory would not capture the symmetries of gravity minimally coupled to a massless scalar field, namely φ → −φ and φ → φ + φ o .
The parameters in the action are chosen to ensure that the action S be real-valued. The combinatorics and polynomial order of the interaction is chosen so that the Feynman diagrams of the model are simplicial complexes, while the kernels are chosen so that the corresponding Feynman amplitudes are quantum simplicial gravity path integrals for 4d Lorentzian gravity coupled to a free, real, massless scalar field [7, 8, 21] .
B. Condensate States
The family of condensate states |σ considered here is built on the simplest condensate states corresponding to coherent states of the field operator:
where σ
is the condensate wave function. The property that all GFT quanta entering the definition of such states are assigned the same wave function is the quantum counterpart of the homogeneity of the corresponding continuum geometry [9, 10] .
Consistently with this interpretation, these quantum states, although encoding a superposition of highly excited states with respect to the GFT Fock vacuum, are fully captured by a single condensate wave function which lives on a domain of geometric data (corresponding to the phase space of geometries of a single tetrahedron) that is isomorphic to the minisuperspace of homogeneous continuum geometries [6] . This provides a direct mechanism to compute collective observables relevant to cosmology, but must be used with care. Let us discuss this point in some more detail, to clarify both its significance and its limitations.
This isomorphism is, more generally, between the domain of the 'reduced 1-particle density function' of GFT models for 4d quantum gravity (i.e., those related to simplicial gravity path integrals and spin foam models) on which any hydrodynamic approximation would be based, and the minisuperspace of homogeneous continuum geometries. This is the general basis for interpreting GFT hydrodynamics as cosmological dynamics. A key assumption underlying GFT condensate cosmology is that the 'cosmological phase' of GFT is a condensate phase; as a result calculations are more direct and there exists a closer relation between the microscopic quantum GFT dynamics, where results in simplicial quantum geometry and loop quantum gravity can be used, and the effective hydrodynamics of the system (here, cosmological dynamics) than there would otherwise be. In this case, the reduced 1-particle density becomes the condensate wave function. The further simplification of considering condensate states of the form (5), which lead to mean field Gross-Pitaevskii hydrodynamics, implies that in this case the condensate wave function coincides with the 1-particle wave function for individual tetrahedra forming the condensate state. This case is even more convenient for calculations, because the relation between quantum gravity microphysics and cosmology is truly direct. Of course, this class of states is probably too simple to be fully realistic, and the very direct correspondence between microscopic and macroscopic observables should be taken with caution: in some cases it may be approximately correct, while in others it may break down.
For example, on the one hand the total spatial volume of the space-time (at an instant of relational time) is clearly given by the sum of the volumes of each of the quanta of geometry, so (cosmological) volume dynamics, due to the combination of the change in the number of quanta of geometry and in the average volume of each individual quantum, may well be captured by the simplest condensate states. On the other hand, one may well suspect that this Gross-Pitaevskii mean field approximation likely fails already in accounting correctly for anisotropic dynamics as this would require too strong of a correspondence between the dynamics of cosmological anisotropies and the microscopic anisotropies of the fundamental building blocks of the universe: as the universe expands, the anisotropies would be required to relax at exactly the same rate microscopically, in each individual GFT excitation, and macroscopically, in the emergent cosmological space-time. This suggests that, while it may be possible to describe the anisotropic Bianchi space-times within the context of GFT hydrodynamics or even GFT condensate hydrodynamics, it will likely be necessary to go beyond the Gross-Pitaevskii approximation considered here in (5).
Nonetheless, since we are interested, at least to start, in the relatively simple spacetimes of homogeneous and isotropic universes, it seems reasonable not only to start with states of the form (5), but also to further simplify the form of the condensate state |σ by restricting attention to a simple sub-family corresponding to those where the condensate wave function is isotropic in the sense that it only has support on configurations corresponding to isotropic quanta of geometry, identified with equilateral tetrahedra:
where j 1 = j and ι ⋆ labels the intertwiner I that maximizes the expectation value of the loop quantum gravity volume operator (or of its simplicial quantum gravity counterparts) on a 4-valent spin-network node with 4 spins j. Condensate states of this type are thus fully determined by a condensate wave function σ j (φ) which depends only on one j and on φ.
States corresponding to physical configurations allowed by the GFT are those that satisfy the quantum equation of motion (3). In simple condensate states, interaction terms are typically subdominant so we neglect the potential term in the equations of motion as a first approximation. In addition, to simplify the form of the kinetic term, we rewriteφ = φ + δφ, perform a Taylor expansion in the action around δφ = 0, and keep the first two terms, higher order terms being suppressed by higher powers of . This is also sensible in a mean field hydrodynamic analysis as the one we are interested in performing here. The resulting quantum equation of motion for |σ gives an equation for the condensate wave function σ j (φ),
where m j depends on the parameters appearing in the GFT action, and specifically in the relative weights of the first and second terms in the Taylor expansion of the kinetic term [7, 8] .
The above constitutes the equation of motion for the chosen quantum state coming from the GFT model we work with. However, in homogeneous and isotropic cosmology, the main quantity of interest is the spatial volume V (i.e., the cube of the scale factor appearing in the metric). The (expectation value of the) volume at an instant of relational time φ is given by
with
Pl being the approximate eigenvalue of the 1st quantized volume operator acting upon a spin-network node with 4 spins j and the intertwiner ι ⋆ . Clearly, a V (φ) computed from a condensate wave function that solves 7 encodes the relational dynamics for V with respect to φ. This is what gives the emergent modified Friedmann equations. They show two key features. If m 2 j ≈ 3πG, then these equations reduce to the usual Friedmann equations of general relativity in the classical limit (while sufficient, this condition is not necessary to give the correct semi-classical dynamics [22] ), while quantum gravity corrections generate a non-singular bounce to occur in the Planck regime which replaces the big-bang singularity of general relativity [7, 8] .
In the case that the condensate wave function σ j (φ) is non-vanishing only for one value of j = j o , the emergent modified Friedmann equations simplify to [7, 8] 
where
2 is the matter energy density, with π φ (the momentum of the scalar field) a constant of the motion, ρ c = 3πG
Pl is the critical energy density, and E jo is a state-dependent constant of the motion.
Note that if E jo = 0, these reduce to the LQC effective equations expressed in terms of the relational clock φ [23] .
III. SEPARATE UNIVERSES IN THE GFT FORMALISM
The separate universe framework was first motivated by the observation that the spatial derivative term in the equations of motion for cosmological perturbations becomes negligible for Fourier modes whose wavelength is greater than the Hubble radius (or the sound radius if the sound speed is not equal to one) [24, 25] . In this sense, at large (super-Hubble) scales cosmological perturbations at different locations can be understood to evolve independently: interactions between perturbations at different locations can safely be neglected.
In fact, this observation can be used be derive the dynamics for long-wavelength scalar perturbations directly from the Friedmann equations of a flat FLRW space-time, thus using only the dynamics of homogeneous universes [12] . To see this, recall that the line element of the spatially flat FLRW space-time with scalar perturbations, expressed in the longitudinal gauge and conformal time, is
assuming the matter content has vanishing anisotropic stress. In general relativity (or in the limit where general relativity provides a good approximation to the underlying quantum gravity theory), for the case of the matter content being a scalar field φ, the co-moving curvature perturbation is
with δφ the perturbation in the matter field, primes denoting derivatives with respect to conformal time and H = a ′ /a the conformal Hubble rate. The power spectrum ∆ 2 R (k) of R can be expressed in terms of its Fourier modes,
and is usually parametrized by ∆ 2 R (k) = A k ns−1 ; observations of the cosmic microwave background indicate that A ∼ 10 −9 and n s = 0.968 ±0.006 [26] . For more on cosmological perturbation theory in general relativity see, e.g., [27] . While the observed near-scaleinvariance can be explained by inflation (or alternatives like ekpyrosis or the matter bounce), it is possible that there could be some sub-leading effects due to quantum gravity present. It is also possible that quantum gravity will provide an altogether new mechanism for producing near-scale invariance in the cosmological power spectrum. For this reason, it is important to understand how quantum gravity effects could modify the dynamics of cosmological perturbations and, more generally, to develop a theory of cosmological perturbations within a fundamental quantum gravity formalism.
Returning to the separate universe framework, if the metric (11) is discretized over n tot (super-Hubble) patches, each approximately homogeneous, then the line element in each patch n is ds
with N n (t) = a(t)[1 + ψ n (t)] and a n (t) = a(t)[1 − ψ n (t)], where ψ n (t) is the average value of ψ( x, t) in the patch n at time t. This is precisely the line element for a flat FLRW space-time, with a lapse and scale factor whose values vary from patch to patch. Then, since long-wavelength perturbations evolve independently, the dynamics of each a n (t) is determined by the Friedmann equation, for the choice of the lapse N n (t). In general relativity, the resulting equations of motion are precisely those for long-wavelength scalar perturbations in the longitudinal gauge. In modified gravity theories (for example, theories that include corrections coming from quantum gravity effects) where the dynamics for FLRW space-times are known, the separate universe framework can be used to derive the equations of motion for long-wavelength scalar perturbations, without relying on a complete treatment of inhomogeneous geometries. For example, this has been done successfully in loop quantum cosmology [12, 16] .
The aim of this paper is to use the separate universe framework to derive the equations of motion for long-wavelength scalar perturbations in GFT condensate cosmology. The basic idea is to construct a condensate state wherein there are many patches, with a condensate wave function in each patch, and thus each governed by the modified Friedmann equations given above in Sec. II B. For such a state, there would exist collective observables in each patch like the expectation value for the total volume V n of a given patch at an instant of relational time, also defined differently in each patch. This particular collective observable will play a central role in the following, since it can be directly related to the scale factor a and perturbation ψ n by V n = a 3 (1 − 3ψ n ). However, some work is required in order to make this identification precise. Specifically, in order to include cosmological perturbations of any type there must be a way to localize excitations in space as well as in time. A matter field has been used successfully as a relational clock, and this suggests introducing three additional matter fields to use as relational rods that will provide a relational (and physical) coordinate system [11] . Following [28] , we introduce three dust fields that can act as a relational Cartesian coordinate system. An advantage of using dust fields, given that a massless scalar field is already present, is that their effect on the dynamics of the space-time is expected to be negligible at high curvatures in comparison to the scalar field and therefore can safely be neglected, hence simplifying the calculations.
We now construct the GFT condensate state of interest, using some approximations suitable to the separate universe framework, and explain how to use these relational rods and clock to provide an explicit map from the observables in the GFT condensate state to the standard variables of cosmology in Secs. III A and Sec. III B. Then in Sec. III C we determine how the approximate dynamics of the GFT condensate state, determined by the GFT action, translate into equations of motion for the volume in each patch and hence for a and ψ n . In the classical limit these equations of motion agree exactly with those of general relativity (and in semi-classical effective field theory) and also include quantum gravity corrections that are important when the space-time curvature is of the order of the Planck scale. We end by considering two limiting cases of interest where the equations of motion simplify considerably.
A. The Condensate State and Relational Observables
The GFT state used for a separate universe approach to cosmological perturbations shall be a product of many condensate states, with each condensate corresponding to a homogeneous patch. A key point here is the central assumption in the separate universe approximation that the condensate state in each patch evolves independently of the states in other patches.
In order to define such state (and also point out the approximations we are going to use), we can start with the simple Gross-Pitaevskii GFT condensate states introduced in [11] , including four scalar fields, one used as a clock (φ) and three as rods (r i ):
where the shorthandσ
is used in order to focus on the dependence of the condensate wave function on the relational clock and rods. We assume the domain of the three r i scalar fields to be T 3 , and we identify the surfaces r i = 0 and r i = 1 (for each i separately). The condensate wave function we shall consider here is a straightforward generalization of (6), now with a dependence on the relational rods r i as well.
The approximation used in [11] to study cosmological perturbations around a homogeneous universe, starting from the state (15) is to study perturbations in the GFT condensate wave function: σ(r i , φ) ≈ σ 0 (φ) + ψ(r i , φ).
We now want to approximate this state in a different way motivated by the separate universe framework, namely by rewriting (15) as a product state, with each component associated to a single patch. A straightforward way to do this is to discretize the domain of the scalar field rods, which localize the quantum geometric data in space, in a cubic lattice. For simplicity, we assume that each patch corresponds to a (spatial) cube with a non-vanishing (relational coordinate
Using this identity, the state (15) can be rewritten as
whereσ
Clearly, in this way the state |Ψ can be seen as a product of condensate states, one in each patch. So far, this is exact. Now, we shall make two approximations motivated by the separate universe framework. First, we assume that the condensate wave function σ j (r i , φ) is constant with respect to the r i in each patch n, to make this explicit we write the condensate wave function in the patch n as σ n,j (φ). Second, we assume that interactions between patches are negligible and therefore the quantum equations of motion in each patch are identical to those for a single condensate reviewed in Sec. II B, and therefore each σ n,j (φ) is assumed to satisfy the equation of motion (7) . As a result, the equations of motion in this approximation are independent of the r i .
A number of observables can be computed for |Ψ , with the most interesting for our purpose being coarse-grained relational observables in each patch that can be used to extract equations of motion for the emergent cosmological space-time. One key observable is the spatial volume of a patch at an 'instant' of relational time φ,
where, as in the homogeneous case, the ι v label the intertwiners that are eigenstates of the loop quantum gravity volume operator (or of the analogous volume operator in quantized simplicial geometry) and V j i ,ιv denotes their eigenvalue. Note that the above result follows from the normalization of the intertwiners, m iĪ
Another important observable for cosmology is the momentum of the massless scalar field φ, which is constructed in a similar fashion in each patch as:
These are relational observables, in each patch, with respect to the massless scalar field that is acting as a clock. To compare observables in different patches at some instant of time requires a notion of simultaneity, i.e., some way to synchronize the relational clocks in different patches. This is the issue we turn to now.
B. Synchronization and Time Evolution
In order to be able to compare quantities at an instant of time (e.g., the volume in different patches at 'equal time'), it is necessary to define an instant of simultaneity. While φ acts as a clock variable in every patch, and this role can be formalized by the expectation value of the corresponding observable in each patch condensate state, these relational clocks are not necessarily synchronized. Indeed, in the presence of non-vanishing perturbations, for a general coordinate choice the relational clocks will not be synchronized even in the classical case. In the GFT state |Ψ , the lack of synchronization can be seen in the different condensate wave functions associated to the different patches.
Moreover, the usual theory of cosmological perturbations, which we aim to reproduce and generalize in the GFT quantum gravity setting, is not formulated in terms of relational clock variables, but rather in terms of coordinate time variables. Therefore, in order to make contact with the standard results of cosmological perturbation theory in general relativity, it is necessary to relate the relational clock variable φ to a coordinate time variable (or potentially even several different coordinate time variables, e.g., proper and conformal time). This requires introducing a notion of simultaneity that goes beyond 1 'equal φ in all patches. ' This can be done by introducing a coordinate time t as follows. In each cell, define the one-to-one map
then 'equal times' in different cells n correspond to the respective values of φ in each patch such that the coordinate t is the same in all cells. Since T n is one-to-one, this map defines the functions φ n (t) and its inverse t(φ n ) in each cell 2 . Then, V n (t) = V n (φ n (t)) and it is now possible to compare V n (t) and V m (t) in a meaningful way.
From the function φ n (t) obtained from the map T n and using the cosmological observables (π φ ) n and V n , it is possible to define a positive-definite function N n in each cell through
The prefactors are chosen for later convenience so that N n will correspond with the lapse function in general relativity. (Of course, it is also possible to define other combinations of these quantities, but they are not as useful in making contact with the results of general relativity.) Equivalently, a positive-definite N n defines a choice for t by
One can understand this procedure as re-introducing the coordinate redundancies of canonical general relativity (limited to time evolution) in our fully background independent (and coordinate-free) quantum gravity formalism, for easier comparison with the usual treatments in general relativity where coordinates are explicitly used. Clearly there is a lot of freedom here, and indeed this is how the freedom of reparametrizing the time coordinate reappears in the relational framework.
1 To be clear, setting equal time slices to correspond to the relational instant where the relational scalar field has the same value in all patches is a perfectly good way to define simultaneity, this corresponds to the co-moving gauge in standard cosmological perturbation theory. However, it is not sufficiently general to capture all gauges. For example, the longitudinal gauge that is of interest in this paper, see (11) , is not in the co-moving gauge and therefore a more general notion of simultaneity is needed. 2 Whileφ is an operator in GFT, as explained above the key observables we are interested in, V n and (π φ ) n , can both be calculated directly from the condensate wave function σ n,j (φ) which is simply a function that depends on φ. Therefore, for the observables of interest evaluated for the states considered here, this map is easy to implement; more work may be required to define it for more general states.
While many choices are possible, some may be more convenient than others. In particular, it is possible to match the lapse in the line element (11) by making the choice N n (t) = a(t)[1 + ψ n (t)]. In this way, the macroscopic observables in the GFT state, V n (t), and the choice of the time function (through the choice of the lapse) coming from using the scalar field as a relational clock for the GFT state, can each be related to the terms appearing in the line element for a spatially flat FLRW space-time with scalar perturbations. In this way, it will be possible to make contact with the usual results (expressed in the longitudinal gauge) obtained in general relativity.
C. Cosmological Perturbations
With the above kinematical considerations now addressed, the next step is to extract the effective dynamics for long-wavelength scalar cosmological perturbations following the separate universe approach.
The condensate state must satisfy the GFT quantum equations of motion, namely (3) and its hermitian conjugate. The condensate states considered here are entirely determined by their condensate wave function, and therefore the (3) reduces to an equation of motion to be satisfied by the condensate wave function σ j (r i , φ). In general, this equation of motion will depend on how σ j (r i , φ) varies with j, φ and the three r i (see [11] for an example for a particular GFT action).
However, for the case of interest here, the equations of motion for the condensate wave function simplify considerably. First, for the EPRL spin foam model, assuming isotropic configurations for the quanta of geometry as in (6) , different spins j do not interact. Therefore, the equations of motion for each spin j decouple from each other. This is a result of the form of the kinetic and potential terms in the GFT action for the EPRL model, and is not an approximation (unlike the second simplification). Second, under the separate universe approximation, assuming that each patch is at least as large as the Hubble radius and that physics outside the Hubble radius cannot affect local dynamics, the condensate wave function in each patch n evolves independently from the other patches. This corresponds to neglecting derivatives with respect to r i in the equations of motion. As a result, the equations of motion are, for each patch n and for each spin j, a differential equation for σ n,j (φ) with respect to φ only.
Finally, as for the homogeneous case, we also assume the GFT interactions to be subdominant within each patch. As a result, the dynamics of each σ n,j (φ) are identical to the dynamics of the single condensate wave function σ j (φ) used in homogeneous cosmology given in (7),
Note that we have also assumed that any dependence of the dynamics on the relational dust fields r i is also negligible. This last approximation is based on the fact that the con-tribution of a dust field to the classical dynamics (specifically, to the Friedmann equation) can safely be neglected compared to that of a massless scalar field in the early universe (the regime of interest here), and we assume this continues to be the case in the presence of quantum gravity effects.
Rewriting the condensate wave function as
with ρ, θ ∈ R, the equations of motion are
with two constants of motion in each patch,
Again, the equations of motion for each patch are identical to the equations of motion derived for FLRW space-times in GFT condensate cosmology [7, 8] .
In terms of the time variable t, denoting f ′ = df /dt and using the chain rule df
Note that the conserved quantity E n,j can be rewritten as
It is now possible to derive the dynamics of perturbations, encoded in the patchspecific deviations from the values of geometric and matter observables averaged over all patches. To do this, first calculate the average values of each Q j and E j across all patches. Assuming there are n tot patches,
and the conserved quantities in each patch can be re-expressed as
Using the time function (21), it is also possible to define average values of the components of the condensate wave function at an instant of time t:
and then it is possible to define δρ n,j (t) and δθ n,j (t) through
For cosmological perturbation theory, we are interested in small departures from homogeneity. In this context, small inhomogeneities correspond to (i) requiring that the condensate wave function is approximately the same in each patch, and (ii) the map T n is approximately the same in each patch. More precisely, this requires that for all patches n and all values of t
withN(t) = n N n (t)/n tot and δN n (t) =N (t) − N n (t) (and N n (t) defined by (22) in each patch), together with the further requirements that, for all n, |δE n,j | ≪ |Ē j | and |δQ n,j | ≪ |Q j |. If these conditions are satisfied, then the GFT state |Ψ can be viewed as a collection of separate universes approximating small long-wavelength scalar perturbations. The evolution equations for the above quantities follow directly from (29) . Averaging the equation of motion for each patch over all patches gives the background equation of motion,ρ
and the remaining contribution to the equation of motion (29) in each patch determines the dynamics for the perturbations (to linear order assuming small perturbations):
With the condensate wave function in the form (25) , the cosmological observables defined above in (19) and (20) become
and it is straightforward to define total values for these observables simply by summing over all patches:
Note that the (π φ ) n = j Q n,j (and therefore (π φ ) tot also) are constants of the motion. The equations of motion for V (t), then, emerge from the microscopic equations of motion forρ j and δρ n,j . These equations can be compared to the Friedmann equations of general relativity, and simiarly the dynamics of perturbations of V n (t) from the average value in each patch can be compared with the equations of motion for cosmological perturbations found in general relativity. Note that the continuity equation in general relativity for a massless scalar field, namely that π φ is a constant of the motion, is recovered in each patch already at this point.
Following the same procedure as above, V n (t) can be expressed in terms of an average value and a perturbation: V n (t) =V (t) + δV n (t), with
whereρ j (t) is defined in (33), and, to linear order in perturbations (i.e., dropping the δρ 2 term) one finds δV n (t) = 2 j V jρj (t)δρ n,j (t).
Of course, just as the lapse N n variable can be averaged withN(t) = n N n (t)/n tot , with departures in each cell from the average value given by δN n =N(t) − N n (t) as already explained above, so can the relation φ n (t) defined in each patch:
Finally, to make contact with the line element (11), we choosē
In this way, a direct comparison will be possible between the dynamics for cosmological perturbations emerging from the GFT condensate states, and the standard equations of motion for cosmological perturbation theory expressed in the longitudinal gauge. Of course, other choices for the time coordinate here are possible, but then the comparison to general relativity will be more difficult.
To extract cosmological dynamics from the GFT condensate, it is necessary to determine how the cosmological observables evolve, as determined by the dynamics of the quantum state |Ψ . One useful relation is d dt
which follows from the definition (22) of N n and the result that (π φ ) n = j Q n,j is a constant of the motion as pointed out below (41). Splitting this equation into its background part and its perturbative part, the background gives the usual continuity equation for a massless scalar field in a flat FLRW space-time,
where primes denote derivatives with respect to t with N n = a(1 + ψ n ) and H = a ′ /a, and at linear order in perturbation theory (46) becomes
again the standard equation for long-wavelength linear perturbations of a massless scalar field in a flat FLRW background. In addition, (22) givesφ ′ =π φ /a 2 for the background and
to first order in perturbations. Of course, since (π φ ) n is a constant of the motion, so arē π φ and (δπ φ ) n , precisely as expected for a massless scalar field.
The equations of motion for the geometric sector follow from
Using (29) and (30), these equations become, respectively,
As done for the matter sector, each of these equations can be split into a background equation of motion and a separate equation of motion for linear perturbations. The first equation, recallingV = a 3 , gives
for the background, with the conformal Hubble rate H = a ′ /a given byV ′ /3V . Then, using δV
n , the equation of motion for the perturbations is
The second equation gives
for the background variables, and
for the cosmological perturbations, using (49) to substitute out the δφ ′ n term, and the background equation (55) to simplify the expression.
These are the equations of motion for the background and linear long-wavelength scalar perturbations. They clearly depend on the underlying quantum gravity state |Ψ through ρ n,j , E n,j and Q n,j .
In the classical limit, ρ n,j is large and in this limit it is straightforward to check that the usual dynamics of general relativity are recovered, for example, for the choice of m necessary ones, and the classical equations of motions can be recovered more generally. For example, another possibility that gives the correct (general relativistic) classical limit of the dynamics is the case of only one spin j o (or only a few spins) being excited in the condensate state and m 2 jo = 3πG. Note that such a regime is automatically reached in the late cosmological evolution for some natural choices of the GFT action [22, 29, 30] .
Away from the classical limit, the equations we have obtained for the cosmological perturbations are rather complicated, and depend explicitly on the parameters in the condensate wave function, as should be expected. It would be nice to be able to rewrite the equations (as much as possible) in terms of cosmological variables only, but this does not appear possible for generic choices for the condensate wave function and the GFT action. However, in some cases simplifications do arise, as shall be shown below.
In the general case where no further simplifications arise, the emergent cosmological dynamics (background and linear long-wavelength scalar perturbations) arising from a GFT condensate state |Ψ can perhaps most easily be determined by: (i) solving the dynamics of the condensate wave function given in (38) and (39) to findρ j (t) and δρ n,j (t); then (ii) using the relations a 3 = j V jρ 2 j and −3a 3 ψ n = 2 j V jρj δρ n,j to determine a(t) and ψ n (t). Note that in this general case it may not be possible to give initial conditions only in terms of a(t o ) and ψ n (t o ) and their first derivatives, as in general relativity; rather, initial conditions concerning the full GFT state may be required, i.e.,ρ j (t o ) and δρ n,j (t o ) and their first (relational) derivatives, together with all ofĒ j ,Q j , δE n,j and δQ n,j .
D. The Equal m j Case
One case in which the equations of motion simplify is when all the m j , the parameters appearing in the GFT action, are equal: m j = m. In this case, in order to have the correct classical limit, m 2 = 3πG. Even in this case the equations (53) and (54) do not simplify significantly, but the other two equations (55) and (56) do, becoming respectively
Note that, in both equations, the last term involving the sum over j disappears if E n,j = 0. It is also interesting that the presence of a bounce due to quantum gravity corrections is not obvious from these two equations. Indeed, at least when the matter content is a massless scalar field, the important quantum gravity corrections in the equations of motion for a ′′ /a and H 2 , which are in the end responsible for the occurrence of the cosmic bounce, exactly cancel out in the sum a ′′ /a + 4H 2 . Note that the presence of the bounce can nonetheless be seen in (53) due to the negative term in the square root: the bounce happens when the term in the square root vanishes.
E. Single-Spin Condensate States
The equations of motion, for both background and perturbative degrees of freedom, simplify even further for single-spin condensates, i.e., for condensate wave functions σ n,j (φ) that are non-vanishing for only one value j o . Note that this case can be reached dynamically in an asymptotic fashion for some GFT actions [22, 29, 30] .
In addition, in the homogeneous case the resulting Friedmann equations for single-spin condensates are very similar to those derived in loop quantum cosmology (being of exactly the same form when E n,j = 0) [7, 8] , so this is a particularly interesting case to consider.
For a single-spin condensate, the correct classical limit is obtained for m 2 jo = 3πG, and (π φ ) n = Q n,jo , soπ
and V n = V jo ρ 2 n,jo . The background equations (53) and (55) become, respectively,
where ε =π 2 φ /2a 6 is the energy density of the massless scalar field and ε c = 3πG 2 /2V 2 jo ∼ 1/j 3 G 2 is the critical energy density, and
WhenĒ jo = 0, the bounce occurs when ε = ε c , as can easily be seen in (60); in this case the emergent Friedmann equations agree exactly with the effective Friedmann equations of loop quantum cosmology (here given in terms of conformal time). The equations of motion for the perturbations coming from (54) and (56) are:
where Ω = 1 − 2ε/ε c . These two equations are not independent: the second can also be obtained by differentiating (62) and using (48) as well as the equations of motion for the background. (Similarly, for the background the relation (61) can be obtained by differentiating (60), usingπ ′ φ = 0.) Also, in the case E n,jo = 0, (62) and (63) are equivalent to the equations found for LQC using the separate universe approach [12] (this is not surprising since these equations are derived from the Friedmann equations, which are identical for single-spin GFT condensates and in LQC). And, as already mentioned for the more general case, for any value of E n,jo , in the classical limit these equations reduce to the standard equations of general relativity for long-wavelength scalar perturbations in the longitudinal gauge.
Since both (δπ φ ) n and δE n,jo are constants of motion, either of the (equivalent) differential equations (62) and (63) can be solved to find how ψ n (t) evolves in time, given some initial conditions, once the background dynamics are known. These initial conditions include cosmological observables like (δπ φ ) n and ψ n (t o ), but also δE n,jo that come directly from the condensate wave function. Therefore, unless E n,jo = 0, even for the simplest type of GFT condensate state it is impossible to obtain equations of motion for cosmological observables that depend only on cosmological observables: there remains an explicit dependence on E n,jo (although this dependence becomes negligible in the classical limit). Thus, the details of the GFT state that are unrelated to the main geometric and matter observables of interest nonetheless appear in the dynamics, showing that the dynamics of general relativity are modified by quantum features that do not appear to have an immediate geometric interpretation. While this is counterintuitive from the standard perspective on relativistic cosmology, it is natural to expect such a dependence from the quantum gravity point of view adopted here and more precisely from the perspective on cosmology as quantum gravity hydrodynamics, underlying our approach to cosmological perturbations as well. In hydrodynamics, in fact, it is to be expected that the emergent equations for specific macroscopic observables (which characterize the fluid only partially) do not close exactly, and retain a dependence on the underlying hydrodynamic variables (like density and velocity of the fluid) that are not macroscopic observables.
Finally, note that for a scalar field with some potential (which would be of particular interest for inflation), the equation of motion will be more complicated still, since in that case (δπ φ ) n will not be a constant of the motion.
IV. DISCUSSION AND OUTLOOK
In this paper we have opened a new avenue towards the study of cosmological perturbations in a fundamental quantum gravity formalism by setting up a separate universe framework for long-wavelength scalar perturbations within group field theory condensate cosmology.
This was achieved by generalizing the simple type of GFT condensate quantum states put forward for homogeneous space-times to a kind of multi-condensate state, understood as a special case of the group field theory mean field states where quantum geometric data are localized in a relational sense by means of scalar fields used as clock and rods.
By using relational rods to locate the 'homogeneous patches' of the separate universe framework that, put together, constitute the inhomogeneous space-time, it is possible to define the relevant GFT observables that, for the condensate states considered here, correspond to emergent cosmological quantities, whether background or perturbative. To compare these cosmological observables in different patches, it was necessary to provide an appropriate notion of simultaneity in this background independent context. The dynamics for the homogeneous background space-time and for the cosmological perturbations then emerge from the fundamental quantum equations of motion derived from GFT. Finally, while we have not explicitly solved the resulting equations, we have shown how they reduce to the correct classical limit, as well as exhibited two special cases of interest for some GFT actions in which they simplify considerably. These results demonstrate the viability of extracting effective continuum physics-and potentially testable predictions-from group field theory condensate cosmology.
The next research steps will move in two main directions: towards phenomenology, and further developing the framework.
First, an important goal is to make contact between the predictions of quantum gravity effects, here considered in the context of GFT, and observations of the early universe, particularly the cosmic microwave background. This can be done by solving the emergent equations of motion derived here in contexts of interest, and calculating the resulting power spectrum which can then be compared to observations. For example, in the matter bounce scenario the perturbations of interest, during the bounce, have a large wavelength compared with the Hubble radius so the equations derived here would be sufficient (if the dominant matter field during the bounce is a massless, or at least kinetic-dominated, scalar field). On the other hand, for the inflationary scenario it is necessary to consider short-wavelength perturbations, and for ekpyrosis the scalar field cannot be approximated as massless; in both cases it will be necessary to extend the results derived here in order to study GFT-predicted effects in such a model. (Note that in principle any matter field can be included in GFT, and the quantum dynamics will of course depend on the matter fields present. Therefore, observable consequences will not necessarily be universal, but may depend, perhaps strongly, on the model being considered.) That said, it may be possible to obtain an approximately scale invariant power spectrum directly from the GFT quantum gravity formalism without introducing any additional inflaton-like matter field. Indeed, at least in some cases the quantum gravity dynamics alone generate a longlasted accelerated expansion of the early universe [31] , without any need for an inflaton field. Perhaps the inflaton can be replaced by a quantum gravity effect? Second, it is necessary to extend the results obtained here in at least three directions: (i) understand how to treat short-wavelength perturbations, (ii) include tensor perturbations, and (iii) allow for a scalar field with a non-vanishing potential. The last step may be the simplest, since the general form for the GFT action for gravity minimally coupled to a scalar field with any potential V (φ) is known [21] . However, even this case will be challenging as it will require working with a generalized GFT action, and in the emergent equations of motion for cosmological observables the scalar field momentum π φ will no longer be a constant of the motion; as a result more work will be needed to arrive at a single equation of motion for the perturbations.
Concerning short-wavelength modes, it appears likely that, following [11] , it will be necessary to include more terms in the GFT action, and in particular derivatives with respect to the scalar fields used as relational rods, which will play the role of spatial derivatives in the effective equations for cosmological perturbations. Also, if one continues to work with a GFT state of the form (17) with the condensate wave function constant in each patch (with respect to the relational rods), it will be necessary to include interactions between neighbouring patches (based on the interaction term in the GFT action). More generally, it would be interesting to understand how the GFT interaction term can affect cosmological perturbations and whether it could leave an imprint in the power spectrum.
Finally, it is important to understand how to include tensor perturbations in GFT condensate cosmology. The GFT observables considered so far are based on the volume (in each patch) and can be mapped directly to terms in the metric of a flat FLRW spacetime with small perturbations expressed in the longitudinal gauge. This is an isotropic observable (in the sense that it doesn't pick out any preferred direction with respect to the relational rods), and it seems likely that quantities that appear in off-diagonal terms in the metric will be related to non-isotropic GFT observables. In fact, non-isotropic observables will likely be important for a number of observables beyond tensor modes. For example, it would be nice to understand how to handle scalar perturbations in any gauge (or to introduce gauge-invariant variables like the Mukhanov-Sasaki variable), whereas here we worked in the longitudinal gauge. To do this, it is necessary to allow the metric to have non-vanishing off-diagonal terms, for which non-isotropic GFT observables, as argued above, are likely relevant. Also, even if the metric is diagonal, it can be important to pick out preferred directions as in the case of, e.g., the Bianchi I space-time. This is particularly important for the early universe where, based on the Friedmann equation, it is expected that anisotropies will become important. This will require going beyond the first step of including microscopic anisotropic configurations completed in [32] , and once again non-isotropic GFT observables will likely play an important role. In short, a better understanding of non-isotropic GFT observables is important not only to extend GFT condensate cosmology to include tensor modes and to handle scalar modes in a gauge-invariant fashion, but also so anisotropies can be included as well.
